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Linear algebra/Ordinary differential equations

1. Consider the first-order initial value problem

ẏ(t) = Ay(t), y(0) = y0,

where t ∈ R+, y0 ∈ Rn, y : R+ 7→ Rn and A is a constant real, symmetric n × n
matrix with eigenvalues λ1, λ2, . . . λn, such that λi 6= λj if i 6= j.

In what follows, you may use any of the standard results of linear algebra without
proof but you must clearly state any such results that you do use.

(i) Show that the solution of this problem may be written as

y(t) = exp
(
tA
)
y0

where exp(tA) =
∑∞

k=0(t
kAk/k!) and any square matrix to the power zero is

defined to be the identity matrix.

[You may assume the sum converges absolutely for any t > 0.]

(ii) Suppose that λj is an eigenvalue of A and the corresponding eigenvector is xj ,
i.e., Axj = λj xj . Show that xj is also an eigenvector of exp(tA) and that its
eigenvalue, with respect to the exponential matrix, is eλjt.

(iii) Show that this implies that exp(tA) can be written in the form

exp(tA) = QD(t)QT

where Q is a constant matrix with QTQ = I, where I is the n × n identity
matrix, and D(t) is the diagonal matrix

D(t) =


eλ1t 0 · · · 0

0 eλ2t
...

...
. . . 0

0 · · · 0 eλnt

 .

Carefully define Q in terms of the eigenvectors of A.

(iv) Apply the theory above to solve the initial value problem

ẋ = 2x+ y, x(0) = a,

ẏ = x+ 2 y, y(0) = b,

where a and b are constants.
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Partial differential equations

2. Consider the initial-value problem

∂V

∂t
= S2 ∂

2V

∂S2
+ S

∂V

∂S
− V, t > 0, S > 0,

V (S, 0) = H(S −K), S > 0,

(1)

where K > 0 is a constant and H( ·) is the Heaviside function, i.e.,

H(x) =

{
0 if x < 0,
1 if x ≥ 0.

(i) Show that the change of variables

x = log(S/K), u(x, t) = et V (S, t),

reduces this problem to heat-equation initial value problem

∂u

∂t
=
∂2u

∂x2
, t > 0, x ∈ R,

u(x, 0) = H(x).

(2)

(ii) Verify that

u(x, t) =
1

2
√
π t

∫ ∞
−∞

f(ξ) e−(x−ξ)
2/4t dξ (3)

is a solution of the heat equation in (2), although it does not necessarily satisfy
the initial condition in that problem. You may assume that the function f here is
such that the integral is absolutely convergent for all t ≥ 0 and that it is legitimate
to interchange the orders of integration and differentiation as necessary.

(iii) Show that if f(·) in (3) is continuous in a neighbourhood of x, then

lim
t→0+

u(x, t) = f(x).

[Hint: consider the change of variable p = (ξ − x)/2
√
t.]

(iv) Hence, or otherwise, derive the solution of (1), for S > 0 and t > 0, in terms of
the function erfc(·), which is defined by

erfc(z) =
2√
π

∫ ∞
z

e−p
2
dp.

(v) What is the value of lim
t→0+

V (K, t)?
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Probability

3. Let

f(x) =

{
1− x/2 for x ∈ [0, 2],

0 otherwise,

g(x) =

{
(x− 1)/2 for x ∈ [1, 3],

0 otherwise,

(i) Let X = ZY1 + (1 − Z)Y0, where Y0 has density function f , Y1 has density g,
and Z is an independent Bernoulli random variable with 1/4 = P (Z = 0) =
1− P (Z = 1). Give an expression for the probability density function of X and
a sketch of this function. Hence give an expression for P (Z = 0|X = x) as a
function of x.

(ii) Let (Z,X) be as in part (i). We say that an observation is in Group 0 when
Z = 0, and Group 1 when Z = 1. Suppose only the X variable is observed.
Let C : R → {0, 1} be a ‘classification rule’, that is, a function which classifies
an observation as either Group 0 or Group 1, using only observation of X. An
observation is misclassified whenever C(X) 6= Z. Find the rule with the minimal
misclassification probability, and express it in a simple way.

(iii) For a given K ∈ [1, 2], consider the classification rule

C(x) =

{
0 if x ≤ K,
1 if x > K.

(†)

Find the conditional density of X given C(X) = 0, and hence find the mean
value of observations classified as Group 0, as a function of K. Compare this
with E[X|Z = 0] for the rule obtained in part (ii).

(iv) Let C(·) be a classification rule of the type considered in equation (†). Using
the intermediate value theorem or otherwise, show that there exists a value K
such that the mean value of observations classified as Group 0 is the same as
E[X|Z = 0], and suggest a method by which this value could be approximated.
(You do not need to do this approximation.)
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4. (i) Let {X1, X2, ..., Xn} be a sequence of nonnegative independent identically dis-
tributed random variables with common cumulative distribution function F . Let
Y = mini{Xi}, and let G be the cumulative distribution function of Y . Derive
an expression for G in terms of F .

(ii) Let k > 0 be a fixed constant. For each value of n, suppose that Xi,n is uniformly
distributed on (0, kn) for i = 1, 2, ..., n. Assume that {Xi,n}ni=1 are independent
for each n > 1. Derive an expression for the density function gn(y|k) of Yn =
mini{Xi,n}, and its limit as n→∞.

(iii) Define the maximum likelihood estimator of k given Yn to be the value of k which
maximises gn(Yn|k). Give a closed form expression for the maximum likelihood
estimator in terms of Yn, and calculate its asymptotic mean and variance for
large n.

(iv) Derive the value of the limit limn→∞E[mini{etXi,n}] as a function of t > 0. For
which values of t does this expectation exist?
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Algorithms

5. This is the pseudo-code of the algorithm maxValInd which takes a finite list L of real
numbers, and returns the pair (VAL, IND), where VAL is the value of the maximum
entry in L, and IND is an index of VAL in L. Note that IND need not be unique.

function maxValInd(L)

let IND = 1

let VAL = L[IND]

for i = 1 to length(L)

if L[i] > VAL then

let IND = i

let VAL = L[IND]

end if

next i

return (VAL, IND)

end function

In this algorithm,

– the function length(L) takes a finite list L=[a1, . . . , ak] and returns the number
of elements in L,

– the expression L[i] returns the ith element in the finite list L=[a1, . . . , ak].

(i) Construct the algorithm runningMin that takes a finite list L= [a1, . . . , ak] of
length k, and returns two lists M= [m1, . . . ,mk] and I= [i1, . . . , ik], such that
mj = min1≤i≤j ai, moreover ij satisfies 1 ≤ ij ≤ j and aij = mj . Ensure that
runningMin completes the search in at most c1k steps, for some positive constant
c1 that does not depend on L.

(ii) Briefly explain why your implementation of runningMin completes in at most
c1k steps (where k denotes the length of the input list L).

(iii) By using maxValInd and runningMin or otherwise, construct the algorithm
maxIncrement that takes a finite list L=[a1, . . . , ak] and returns a pair of in-
dices (IND1, IND2), such that 1 ≤ IND1 ≤ IND2 ≤ k, and

aIND2 − aIND1 = max
1≤i≤j≤k

(aj − ai).

Ensure that maxIncrement completes the search in at most c2k steps, for some
positive constant c2 that does not depend on L.

(iv) Briefly explain why your implementation of maxIncrement completes in at most
c2k steps (where k denotes the length of the input list L).
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